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Abstract: We introduce semicontinuous summation methods for series of fuzzy numbers and give Tauberian con-
ditions under which summation of a series of fuzzy numbers via generalized Dirichlet series and via generalized
factorial series implies its convergence. Results concerning the summation of Fourier series of fuzzy valued func-
tions are also obtained.
1 Introduction
Following their invention, Dirichlet and factorial series have fascinated many researchers and found applications in
various fields of mathematics. Introduced primarily in real variables to answer combinatorial questions, Dirichlet
series have played important roles in analytic number theory. The Riemann zeta function ζ(s) is represented by
Euler product over primes and has deep relation with prime number theorem which is, in fact, equivalent to the fact
that there are no zeros of the zeta function on the line Re(s) = 1. Dirichlet series and in particular the Riemann
zeta function serve also as a tool for number theorists to study behaviors of arithmetic functions and to derive
related identities [1, 2]. Beside the usage in analytic number theory, they arise as expansions of functions and as
solutions of differential equations recently [3–6]. On the other hand, factorial series are studied with regard to their
analytical properties and used in transformation of series and in expansions of functions. Authors converted power
series to factorial series of more rapid convergence and given factorial series expansions for some functions [7–10].
There are also studies concerning factorial series solutions of difference equations [11–13]. In connection with the
context of the paper, both series are also utilized in regularization of divergent series [8, 10, 12, 14, 15].
As extension of classical sets, fuzzy sets are introduced by Zadeh [16] to represent imprecise knowledge which
is hard to handle by using classical sets. Since its introduction, researchers used fuzzy sets as a smart mathematical
tool for modeling real-world problems and achieved satisfactory results. In the meantime, theoretical basis of the
concept have also developed and many concepts in classical mathematics are extended to fuzzy mathematics. In
particular, sequences and series of fuzzy numbers are introduced and corresponding convergence properties are in-
vestigated [17–19]. Furthermore, authors introduced summability methods to handle series of fuzzy numbers which
fail to converge in fuzzy number space and given various Tauberian conditions to achieve the convergence [20–24].
Following the achievements in the literature we now introduce a general summation method for series of fuzzy
numbers and obtain Tauberian conditions under which summation of a series of fuzzy numbers via generalized
Dirichlet and generalized factorial series imply its ordinary sum. Besides, we define the concept of level Fourier
series of fuzzy valued functions and prove that level Fourier series of a 2pi-periodic and continuous fuzzy valued
function is summable via generalized Dirichlet series to the original function. Results for some particular cases of
the general summation method are also deduced as corollaries.
Keywords: series of fuzzy numbers, summation methods, Tauberian theorems, Fourier series
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2 Preliminaries
A fuzzy number is a fuzzy set on the real axis, i.e. u is normal, fuzzy convex, upper semi-continuous and suppu =
{t ∈ R : u(t) > 0} is compact [16]. RF denotes the space of fuzzy numbers. α-level set [u]α is defined by
[u]α :=
{ {t ∈ R : u(t) ≥ α} , if 0 < α ≤ 1,
{t ∈ R : u(t) > α} , if α = 0.
r ∈ R may be seen as a fuzzy number r defined by
r(t) :=
{
1 , if t = r,
0 , if t 6= r.
Theorem 1 (Representation Theorem). [25] Let [u]α=[u−(α), u+(α)] for u ∈ RF and for each α ∈ [0, 1]. Then
the following statements hold:
(i) u−(α) is a bounded and non-decreasing left continuous function on (0, 1].
(ii) u+(α) is a bounded and non-increasing left continuous function on (0, 1].
(iii) The functions u−(α) and u+(α) are right continuous at the point α = 0.
(iv) u−(1) ≤ u+(1).
Conversely, if the pair of functions γ and β satisfies the conditions (i)-(iv), then there exists a unique u ∈ RF such
that [u]α := [γ(α), β(α)] for each α ∈ [0, 1]. The fuzzy number u corresponding to the pair of functions γ and β
is defined by u : R→ [0, 1], u(t) := sup{α : γ(α) ≤ t ≤ β(α)}.
Let u, v ∈ RF and k ∈ R. The addition and scalar multiplication are defined by
(i) [u+ v]α = [u
−
α + v
−
α , u
+
α + v
+
α ] (ii) [ku]α =
{
[ku−α , ku
+
α ] if k ≥ 0
[ku+α , ku
−
α ] if k < 0
(1)
where [u]α = [u−α , u
+
α ], for all α ∈ [0, 1].
Fuzzy number 0 is identity element in (RF ,+) and none of u 6= r has inverse in (RF ,+). For any k1, k2 ∈ R
with k1k2 ≥ 0, distribution property (k1 + k2)u = k1u+ k2u holds but for general k1, k2 ∈ R it fails to hold. On
the other hand properties k(u + v) = ku + kv and k1(k2u) = (k1k2)u holds for any k, k1, k2 ∈ R. It should be
noted that RF with addition and scalar multiplication defined above is not a linear space over R.
The metric D on RF is defined as
D(u, v) := sup
α∈[0,1]
max{|u−α − v−α |, |u+α − v+α |},
and it has the following properties
D(ku, kv) = |k|D(u, v) , D(u+ v,w + z) ≤ D(u,w) +D(v, z)
where u, v, w, z ∈ RF and k ∈ R.
Definition 2. [26] Let (uk) be a sequence of fuzzy numbers. Denote sn =
∑n
k=0 uk for all n ∈ N, if the sequence
(sn) converges to a fuzzy number u then we say that the series
∑
uk of fuzzy numbers converges to u and write∑
uk = u which implies that
n∑
k=0
u−k (α) → u−(α) and
n∑
k=0
u+k (α) → u+(α) (n→∞)
uniformly in α ∈ [0, 1]. Conversely, for the sequence (uk) of fuzzy numbers if
∑
k u
−
k (α) = γ(α) and
∑
k u
+
k (α) =
β(α) converge uniformly in α, then {(γ(α), β(α)) : α ∈ [0, 1]} defines a fuzzy number u represented by [u]α =
[γ(α), β(α)] and
∑
uk = u.
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Besides, we say that series
∑
uk is bounded if the sequence (sn) is bounded. The set of bounded series of fuzzy
numbers is denoted by bs(F ).
Theorem 3. [27] If
∑
uk and
∑
vk converge, then D (
∑
uk,
∑
vk) ≤
∑
D(uk, vk).
A fuzzy valued function f : I ⊂ R→ RF has the parametric representation
[f(x)]α =
[
f−α (x), f
+
α (x)
]
for each x ∈ I and α ∈ [0, 1].
A function f : R → RF is 2pi-periodic if f(x) = f(x + 2pi) for all x ∈ R. The space of all 2pi-periodic
and continuous fuzzy valued functions on R is denoted by C
(F)
2pi (R) where the continuity is meant with respect to
metric D. Besides the space of all 2pi-periodic and real valued continuous functions on R is denoted by C2pi(R)
and equipped with the supremum norm ‖ · ‖. Here we note that if f ∈ C(F)2pi (R) then f∓α ∈ C2pi(R) in view of
metric D.
Let f, g : I → RF be fuzzy valued functions. The distance between f and g is defined by
D∗(f, g) = sup
x∈I
D(f(x), g(x)) = sup
x∈I
sup
α∈[0,1]
max{|f−α (x)− g−α (x)|, |f+α (x)− g+α (x)|}.
Let L : CF (R)→ CF (R) be an operator where CF (R) denotes the space of all continuous fuzzy valued functions
on R. Then we call L a fuzzy linear operator iff
L(c1f1 + c2f2) = c1L(f1) + c2L(f2)
for any c1, c2 ∈ R, f1, f2 ∈ CF (R). Also, operator L is called fuzzy positive linear operator if it is fuzzy linear
and the condition L(f ;x)  L(g;x) is satisfied for any f, g ∈ CF (R) with f(x)  g(x) and for all x ∈ R .
Theorem 4. [28] Let {Ln}n∈N be a sequence of fuzzy positive linear operators from C(F)2pi (R) into itself. Assume
that there exists a corresponding sequence
{
L˜n
}
n∈N
of positive linear operators defined on C2pi(R) with the
property
{Ln(f ;x)}∓α = L˜n
(
f∓α ;x
)
(2)
for all x ∈ R, α ∈ [0, 1], n ∈ N and f ∈ C(F)2pi (R). Assume further that
lim
n→∞
‖L˜n(fi)− fi‖ = 0 (3)
for i = 0, 1, 2 with f0(x) = 1, f1(x) = cosx, f2(x) = sinx. Then for all f ∈ C(F)2pi (R) we have
lim
n→∞
D∗(Ln(f), f) = 0.
3 Main results
We now introduce semicontinuous summation methods of series of fuzzy numbers, defined by means of nonneg-
ative and uniformly bounded sequences of continuous real valued functions on [0,∞). Introduced method acts
on the terms of the series of fuzzy numbers directly and does not require computation of the partial sums which
may be challenging even in the case of series of real numbers. The method also includes many known summation
methods.
Definition 5. Let
∑
un be a series of fuzzy numbers and {φn(s)} be a nonnegative uniformly bounded sequence of
continuous real valued functions defined on [0,∞) such that φn+1(s) ≤ φn(s) for all s ∈ [0,∞) and φn(0) = 1.
Then series
∑
un of fuzzy numbers is said to be (φ) summable to fuzzy number µ if
∑
unφn(s) exists for s > 0
and
lim
s→0+
∞∑
n=0
unφn(s) = µ.
3
Theorem 6. If series
∑
un of fuzzy numbers converges to fuzzy number µ, then it is (φ) summable to µ.
Proof. Let
∑
un be a series of fuzzy numbers and
∑
un = µ. It is sufficient to show that series
∑
unφn(s) exists
for s > 0 and
lim
s→0+
∞∑
n=0
unφn(s) = µ.
From Definition 2, series
∑
unφn(s) exists for s > 0 if series
∑
u∓n (α)φn(s) converge uniformly in α ∈ [0, 1].
By convergence of the series
∑
un we know that
∑
u∓n (α) converge uniformly in α ∈ [0, 1]. Besides, {φn(s)} is
uniformly bounded and φn+1(s) ≤ φn(s). So by Abel’s uniform convergence test, series
∑
u∓n (α)φn(s) converge
uniformly in α. Then series
∑
unφn(s) converges in fuzzy number space for s > 0. Now we aim to show that
lim
s→0+
∞∑
n=0
unφn(s) = µ.
Define the sequence of continuous fuzzy valued functions {fn(s)} on [0, 1] such that fn(s) =
∑n
k=0 ukφk(s). Then
limn→∞ fn(s) =
∑∞
k=0 ukφk(s) = f(s). From Theorem 3.3 and Theorem 3.5 in [29], f is continuous on [0, 1] if
and only if sequence
(
[fn(s)]
∓ (α)
)
uniformly converge to
(
[f(s)]∓ (α)
)
on [0, 1] × [0, 1]. Series∑u∓k (α)φk(s)
converge uniformly on [0, 1] × [0, 1] by Abel’s uniform convergence test in view of the facts that
• ∑u∓k (α) converge uniformly on [0, 1] × [0, 1],
• {φk(s)} is uniformly bounded on [0, 1] × [0, 1] and φk+1(s) ≤ φk(s) for (α, s) ∈ [0, 1] × [0, 1].
So, f(s) =
∑
ukφk(s) is continuous on [0, 1] which implies
lim
s→0+
∞∑
k=0
ukφk(s) =
∞∑
k=0
uk = µ.
This completes the proof.
In view of the result above we see that convergence of a series of fuzzy numbers implies its (φ) summability in
fuzzy number space. However (φ) summability of a series of fuzzy numbers may not imply its convergence. Moti-
vated by this fact now we aim to investigate conditions under which (φ) summability of a series of fuzzy numbers
imply convergence in fuzzy number space in particular cases φn(s) = e−λns and φn(s) =
λ0λ1...λn
(s+λ0)(s+λ1)...(s+λn)
·
3.1 Resummation of series of fuzzy numbers via generalized Dirichlet series
Definition 7. Given a sequence 0 ≤ λ0 < λ1 < · · · → ∞, a series
∑
un of fuzzy numbers is said to be (A,λ)
summable to a fuzzy number µ if generalized Dirichlet series
∑
une
−λns converges for s > 0 and
lim
s→0+
∞∑
n=0
une
−λns = µ.
We note that a convergent series of fuzzy numbers is (A,λ) summable by Theorem 6 but converse statement is
not necessarily to hold which can be seen by series
∑
un of fuzzy numbers whose general term is defined by
un(t) =

(n+ 1)2(t+ (−1)n+1), (−1)n ≤ t ≤ (−1)n + (n+ 1)−2
2− (n+ 1)2 (t+ (−1)n+1) , (−1)n + (n+ 1)−2 ≤ t ≤ (−1)n + 2(n + 1)−2
0, (otherwise).
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Series
∑∞
n=0 un of fuzzy numbers is (A, ln(n+ 1)) summable to fuzzy number
µ(t) =

6(t−1/2)
pi2
, 1/2 ≤ t ≤ 1/2 + pi26
2− 6(t−(1/2))pi2 , 1/2 + pi
2
6 ≤ t ≤ 1/2 + pi
2
3
0, (otherwise),
but it is not convergent.
Theorem 8. If series
∑
un of fuzzy numbers is (A,λ) summable to fuzzy number µ and
λn
λn−λn−1
D(un, 0¯) = o(1),
then
∑
un = µ.
Proof. Let series
∑
un of fuzzy numbers be (A,λ) summable to µ and
λn
λn−λn−1
D(un, 0¯) = o(1) as n → ∞.
Then, since lims→0+
∑∞
k=0 uke
−λks = µ we have limn→∞
∑∞
k=0 uke
−λk/λn = µ in view of the fact that 1/λn ↓ 0
as n→∞. Hence we get
D
(
n∑
k=0
uk, µ
)
≤ D
(
n∑
k=0
uk,
∞∑
k=0
uke
−λk/λn
)
+D
(
∞∑
k=0
uke
−λk/λn , µ
)
≤
n∑
k=0
(
1− e−λk/λn
)
D(uk, 0¯) +
∞∑
k=n+1
D(uk, 0¯)e
−λk/λn +D
(
∞∑
k=0
uke
−λk/λn , µ
)
≤ 1
λn
n∑
k=0
λkD(uk, 0¯) +
∞∑
k=n+1
λkD(uk, 0¯)
λk − λk−1
λk − λk−1
λk
e−λk/λn +D
(
∞∑
k=0
uke
−λk/λn , µ
)
= o(1)
{
1
λn
n∑
k=0
(λk − λk−1) +
∞∑
k=n+1
λk − λk−1
λk
e−λk/λn
}
= o(1)
∞∑
k=n+1
λk − λk−1
λk
e−λk/λn =
o(1)
λn+1
∞∑
k=n+1
e−λk/λn
∫ λk
λk−1
dx
=
o(1)
λn+1
∞∑
k=n+1
∫ λk
λk−1
e−x/λndx =
o(1)
λn+1
∫ ∞
λn
e−x/λndx = o(1)
{
λn
eλn+1
}
= o(1),
with agreements n ≥ 1 and λ−1 = 0, which completes the proof.
Replacing o(1) with O(1) in the proof of Theorem 8, we can get following theorem.
Theorem 9. If series
∑
un of fuzzy numbers is (A,λ) summable and
λn
λn−λn−1
D(un, 0¯) = O(1), then (un) ∈
bs(F ).
3.2 Resummation of series of fuzzy numbers via generalized factorial series
Definition 10. Given a sequence 0 < λ0 < λ1 < · · · → ∞ where
∑ 1
λn
diverges, a series
∑
un of fuzzy
numbers is said to be summable by generalized factorial series to a fuzzy number µ if generalized factorial series∑ unλ0...λn
(s+λ0)...(s+λn)
converges for s > 0 and
lim
s→0+
∞∑
n=0
unλ0 . . . λn
(s+ λ0) . . . (s + λn)
= µ.
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We note that a convergent series of fuzzy numbers is summable via generalized factorial series by Theorem 6
but converse statement is not necessarily to hold which can be seen by series
∑
un of fuzzy numbers where
un(t) =

(n+ 1)4(t+ (−1)n+1(n+ 1)), (−1)n(n+ 1) ≤ t ≤ (−1)n(n+ 1) + (n+ 1)−4
2− (n+ 1)4 (t+ (−1)n+1(n+ 1)) , (−1)nn+ (n+ 1)−4 ≤ t ≤ (−1)nn+ 2(n+ 1)−4
0, (otherwise).
Series
∑∞
n=0 un of fuzzy numbers is summable via ordinary factorial series(with choice λn = n + 1) to fuzzy
number
µ(t) =

90(t−1/4)
pi4 , 1/4 ≤ t ≤ 1/4 + pi
4
90
2− 90(t−(1/4))
pi4
, 1/4 + pi
4
90 ≤ t ≤ 1/4 + pi
4
45
0, (otherwise),
but it is not convergent.
Theorem 11. If series
∑
un of fuzzy numbers is summable to fuzzy number µ by factorial series and
λn
(∑n
r=0
1
λr
)
D(un, 0¯) = o(1), then
∑
un = µ.
Proof. Let series
∑
un of fuzzy numbers be summable by factorial series to µ and λn
(∑n
r=0
1
λr
)
D(un, 0¯) = o(1)
as n→∞. Then we get
D
(
n∑
k=0
uk, µ
)
≤ D
(
n∑
k=0
uk,
∞∑
k=0
ukλ0 . . . λk
(s+ λ0) . . . (s+ λk)
)
+D
(
∞∑
k=0
ukλ0 . . . λk
(s+ λ0) . . . (s + λk)
, µ
)
≤
n∑
k=0
(
1− λ0 . . . λk
(s+ λ0) . . . (s+ λk)
)
D(uk, 0¯) +
∞∑
k=n+1
D(uk, 0¯)λ0 . . . λk
(s + λ0) . . . (s+ λk)
+D
(
∞∑
k=0
ukλ0 . . . λk
(s + λ0) . . . (s+ λk)
, µ
)
≤ s
n∑
k=0
D(uk, 0¯)
k∑
r=0
1
λr
+
∞∑
k=n+1
D(uk, 0¯)e
− s
2
∑k
r=0
1
λr +D
(
∞∑
k=0
ukλ0 . . . λk
(s+ λ0) . . . (s+ λk)
, µ
)
in view of the inequalities (see [30, p. 199], [31, p. 23])∣∣∣∣ λ0 . . . λn(s+ λ0) . . . (s+ λn)
∣∣∣∣ < e− s2 ∑nr=0 1λr , 1− λ0 . . . λn(s+ λ0) . . . (s+ λn) < |s|
n∑
r=0
1
λr
·
Now letting γk =
∑k
r=0
1
λr
, taking s = 1γn and proceeding as in the proof of Theorem 8 we get
D
(
n∑
k=0
uk, µ
)
= o(1)
{
1
γn
n∑
k=0
(γk − γk−1) +
∞∑
k=n+1
γk − γk−1
γk
e
−
γk
2γn
}
= o(1)
{
2γn√
eγn+1
}
= o(1),
which completes the proof.
Replacing o(1) with O(1) in the proof of Theorem 11, we may get following theorem.
Theorem 12. If series
∑
un of fuzzy numbers is summable by factorial series and λn
(∑n
r=0
1
λr
)
D(un, 0¯) =
O(1), then (un) ∈ bs(F ).
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4 Resummation of level Fourier series of fuzzy valued functions
Bede et al. [32] defined fuzzy Fourier sum of continuous fuzzy valued function f : [−pi, pi] → RF by
a0
2
+
m∑
n=1
an cos(nx) + bn sin(nx)
where a0 =
1
pi
∫ pi
−pi f(x)dx, an =
1
pi
∫ pi
−pi f(x) cos(nx)dx, bn =
1
pi
∫ pi
−pi f(x) sin(nx)dx and the integrals are in the
fuzzy Riemann sense [25]. The α−level set of a convergent fuzzy Fourier series of f is of the form[
{a0}−α
2
+
∞∑
n=1
{an cos(nx)}−α + {bn sin(nx)}−α ,
{a0}+α
2
+
∞∑
n=1
{an cos(nx)}+α + {bn sin(nx)}+α
]
.
By Theorem 1 and Definition 2 , α−level set of a convergent fuzzy Fourier series represents a fuzzy number. How-
ever, it is a bit challenging to express {an cos(nx)}∓α and {bn sin(nx)}∓α in terms of f−α (x) and f+α (x) explicitly
due to the effect of changing signs of sin(nx), cos(nx) on interval [−pi, pi](see (ii) of (1)). To tackle this problem,
we now define a new type Fourier series for fuzzy valued functions which may be useful in calculations via f−α (x)
and f+α (x).
Definition 13. Let f be a 2pi-periodic continuous fuzzy valued function. Then level Fourier series of f is defined
by the pair of series
a∓0 (α)
2
+
∞∑
n=1
a∓n (α) cos(nx) + b
∓
n (α) sin(nx) (4)
where a∓0 (α) =
1
pi
∫ pi
−pi f
∓
α (x)dx, a
∓
n (α) =
1
pi
∫ pi
−pi f
∓
α (x) cos(nx)dx and b
∓
n (α) =
1
pi
∫ pi
−pi f
∓
α (x) sin(nx)dx. In (4),
"-" and "+" signed series are called left and right level Fourier series of f , respectively.
Left and right level Fourier series of a fuzzy valued function f are expressed in terms of f−α (x) and f
+
α (x), respec-
tively. Hence, using level Fourier series is advantageous in calculations through the endpoints of α−level set of
f . However, it is disadvantageous in that the pair in (4) may not represent a fuzzy valued function(see Theorem
1). Besides, as the common problem of convergence of Fourier series, level Fourier series may not converge to
f∓α (x) even in the pointwise sense. At this point we may use summation methods to achieve both fuzzification and
convergence of level Fourier series. Let consider the summation method (A,n). Since (4) is of the form
f∓α (x) ∼
1
2pi
∫ pi
−pi
f∓α (t)dt+
1
2pi
∞∑
n=1
∫ pi
−pi
f∓α (t)2 cos(n(x− t))dt
=
1
2pi
∫ pi
−pi
f∓α (x− t)dt+
1
2pi
∞∑
n=1
∫ pi
−pi
f∓α (x− t)2 cos(nt)dt
=
∞∑
n=0
f˙∓n (α, x)
where
f˙∓n (α, x) =

1
2pi
∫ pi
−pi f
∓
α (x− t)dt, n = 0
1
pi
∫ pi
−pi f
∓
α (x− t) cos(nt)dt, n 6= 0,
(A,n) mean of level Fourier series of f is
∑
f˙∓n e
−ns =
1
2pi
∫ pi
−pi
f
∓
α (x− t)dt+
1
2pi
∞∑
n=1
{∫ pi
−pi
f∓α (x− t)2 cos(nt)dt
}
e−ns
7
=
1
2pi
∫ pi
−pi
f
∓
α (x− t)
{
1 + 2
∞∑
n=1
cos(nt)e−ns
}
dt
=
1− e−2s
2pi
∫ pi
−pi
f
∓
α (x− t)dt
1− 2e−s cos t+ e−2s ·
The pair
{∑
f˙∓n e
−ns
}
(α, x) satisfy the conditions of Theorem 1 for each x ∈ R, s > 0 and so represent the fuzzy
valued function
1− e−2s
2pi
∫ pi
−pi
f(x− t)dt
1− 2e−s cos t+ e−2s ·
Now we aim to show that
lim
s→0+
1− e−2s
2pi
∫ pi
−pi
f(x− t)dt
1− 2e−s cos t+ e−2s = f(x).
It will be convenient to utilize sequential criterion for limits in metric spaces and to use Theorem 4. Let (sn) be a
sequence in R+ that converges to 0 and consider the sequence of fuzzy positive linear operators
Ln(f ;x) =
1− e−2sn
2pi
∫ pi
−pi
f(x− t)dt
1− 2e−sn cos t+ e−2sn ·
Since
L˜n
(
f∓α ;x
)
=
1− e−2sn
2pi
∫ pi
−pi
f∓α (x− t)dt
1− 2e−sn cos t+ e−2sn
we have
L˜n(1;x) = 1, L˜n(cos t;x) = e
−sn cosx, L˜n(sin t;x) = e
−sn sinx,
and followingly we get∥∥∥L˜n(f0)− f0∥∥∥ = 0, ∥∥∥L˜n(f1)− f1∥∥∥ = 1− e−sn → 0, ∥∥∥L˜n(f2)− f2∥∥∥ = 1− e−sn → 0.
So by Theorem 4, we have Ln(f) → f . Since (sn) is arbitrary, we conclude
lim
s→0+
1− e−2s
2pi
∫ pi
−pi
f(x− t)dt
1− 2e−s cos t+ e−2s = f(x). (5)
Hence, fuzzification of level Fourier series (4) is recovered via (A,n) means and convergence is achieved via (5).
On the other hand, by taking r = e−s above, Abel means of level Fourier series of f represents the fuzzy
Abel-Poisson convolution operator [33]
Pr(f ;x) =
1− r2
2pi
∫ pi
−pi
f(x− t)
1− 2r cos t+ r2dt
and limr→1− Pr(f ;x) = f(x) is achieved in view of (5). Fuzzy Abel-Poisson convolution operator satisfies
conditions (7) and (8) of the fuzzy Dirichlet problem(in the polar coordinates) on the unit disc
∂2u
∂r2
(r, x) +
1
r
∂u
∂r
(r, x) +
1
r2
∂2u
∂x2
(r, x) = 0, x ∈ R, 0 < r < 1, (6)
u(0, x) =
1
2pi
∫ pi
−pi
f(y)dy x ∈ R (7)
lim
r→1−
u(r, x) = f(x), f ∈ C(F)2pi (R). (8)
It also satisfies fuzzy Laplace equation (6) when the fuzzy derivatives are taken in the first form(see [34, Theorem
5]). However, we should emphasize that u(r, x) = Pr(f ;x) is a levelwise solution for (6) since the first form fuzzy
derivatives of Pr(f ;x) may not reveal a fuzzy valued function.
8
5 Conclusion
In current paper we have introduced a general summation method (φ) for series of fuzzy numbers via sequences
of continuous functions and proved the regularity of (φ) method. We also obtained conditions which guarantee
the convergence of a series of fuzzy numbers from its generalized Dirichlet and generalized factorial series. In
(A,λ) summability method if we choose λn = n and use transformation x = e−s, results for Abel summability of
series of fuzzy numbers are obtained [23, Theorem 12, Theorem14]. Similarly, if we choose φn(s) =
1
Γ(1+sn) we
obtain regularity result for Mittag-Leffler summation method for series of fuzzy numbers by Theorem 6. Besides,
in (A,λ) method if we choose λn = lnn and λn = n lnn(n ≥ 1) we get new results for summation of series of
fuzzy numbers via ordinary Dirichlet series and via Lindelöf summation method, respectively.
Theorem 14. If series
∑∞
n=1 un of fuzzy numbers is summable to fuzzy number µ by ordinary Dirichlet series and
n lnnD(un, 0¯) = o(1), then
∑
un = µ.
Theorem 15. If series
∑∞
n=1 un of fuzzy numbers is summable by ordinary Dirichlet series and n lnnD(un, 0¯) =
O(1), then (un) ∈ bs(F ).
Theorem 16. If series
∑∞
n=1 un of fuzzy numbers is Lindelöf summable to fuzzy number µ and nD(un, 0¯) = o(1),
then
∑
un = µ.
Theorem 17. If series
∑∞
n=1 un of fuzzy numbers is Lindelöf summable and nD(un, 0¯) = O(1), then (un) ∈
bs(F ).
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